Abstract COSY INFINITY uses a beamline coordinate system with a FrenetSerret frame relative to the reference particle, and calculates differential algebra-valued transfer maps by integrating the ODEs of motion in the respective vector space over a differential algebra (DA).
Introduction
COSY INFINITY [4] uses a beamline coordinate system that comprises the phase space coordinates [3, p. 9] Coordinates x and y are the transversal Frenet-Serret position coordinates in meters, p is the momentum, K is the kinetic energy, v is the velocity, t is the time of flight, and γ is the Lorentz factor. The index 0 refers to the reference particle.
In COSY INFINITY, the equations of motion are integrated, once for each particle optical element comprising the lattice, in phase space represented as a vector space ( n D v ) v over a differential algebra (DA) n D v [2, pp. 86-100] , where n is the computation order and v is the number of phase space coordinates. The result is a transfer map M that expresses the final coordinates z f of any ray as z f = M (z i ), where z i are the initial coordinates [2, .
COSY INFINITY includes a built-in electrostatic spherical deflector particle optical element ESP. We will describe two conventional methods of computing the non-relativistic DA transfer map of an electrostatic spherical deflector: (1) by integrating the ODEs of motion using a 4th order Runge-Kutta integrator and (2) by computing and applying the transition matrix with elements as the Lagrange coefficients. We will calculate the transfer map of an electrostatic spherical deflector using these two methods and compare the results with (3) the DA transfer map of the non-relativistic version of COSY INFINITY 's built-in electrostatic spherical deflector element ESP and (4) the transfer map of the electrostatic spherical deflector computed using the program GIOS [5] .
Additionally, we perform a similar study on an electrostatic cylindrical deflector, where the Kepler theory is not applicable, so we compute and compare the transfer maps by the methods (1), (3) using ECL, and (4).
Transfer Map Calculation by Integrating the ODEs in Laboratory Coordinates
Consider a bunch of non-relativistic charged particles launched with kinetic energy K 0 = mv 2 0 /2 and zero potential energy, where m is the particle mass and v 0 is the reference velocity. Suppose that a circular reference orbit of radius r 0 is defined for the particle bunch in an electrostatic deflector. Now, for concreteness, consider one particle in this bunch. Following the convention of the potential energy as zero at the reference orbit, we calibrate the potential energy of the charged particle such that U (r 0 ) = 0.
In the following section, we discuss the specific case of an electrostatic spherical deflector. The case of an electrostatic cylindrical deflector in Sub-Sec. 2.2.
The ODEs in an Electrostatic Spherical Deflector
The potential energy in an electrostatic spherical deflector is
where the electrostatic potential V and the electric field are U (r) = ZeV (r), E r (r) = − ∂V ∂r = − α Ze
By energy conservation, an off-reference particle at initial radius r i would upon entering the deflector have an initial velocity magnitude v i such that
from where we obtain
or, expressing α in terms of the particle charge q = Ze, the reference orbit radius r 0 , and the electric rigidity χ e = pv Ze as α = Zeχ e r 0 ,
COSY INFINITY 's horizontal transversal coordinate x is defined relative to the circular reference orbit as x = r − r 0 , where r is the length of the projection of a particle's radius vector on the plane of the reference particle's orbital motion. COSY INFINITY 's horizontal momentum component a = p x /p 0 can be, in the non-relativistic case, expressed as a = v x /v 0 , where v x is the x component of a particle's velocity and v 0 is the reference velocity. Now, let (x i , a i ) be the initial beamline coordinates of the particle in the electrostatic spherical deflector. In reality, the deflector would have a fringe field; in this model, we approximate the fringe field by an instant jump in the electrostatic potential from zero to the electrostatic potential of the electrostatic spherical deflector at radius r i = r 0 +x i . Thus, all particles in a bunch experience a "step down" from kinetic energy K 0 to a kinetic energy
In a similar way, at the end of the element, the particle will experience a "step up" due to the change of the potential energy back to zero. Note that these changes of energy are essential even in the absence of a true fringe field treatment to preserve the actual beam energy.
For calculations, we will use the polar laboratory coordinate system (r, θ), with particles launched at polar angle θ = 0. Additionally, we will use the Cartesian laboratory coordinate system (x,ỹ) = r (cos θ, sin θ) .
In this Cartesian laboratory coordinate system, the particle has the initial position
and the initial velocity
where v i is the initial particle velocity magnitude at the initial radius r i obtained using eq. 5. From the second Newton law, the radial acceleration of the particle in the electrostatic spherical deflector is
where µ = α/m and ω is the particle's angular velocity. Considering eqns. 6 and 7, the conservation of the angular momentum can be expressed in terms of massless angular momentum
Taking the time derivative of ω = h/r 2 , we obtain
The final position r f and velocity v f can be obtained by integrating the ODEs of motion in the polar coordinates
with the initial condition
Considering that dθ/dt = ω, applying the chain rule, this system of ODEs can be expressed in terms of polar angle θ as the independent variable as
with the same initial condition.
Having obtained the final position
and velocity v f , the final (x, a) coordinates are
We calculated the DA transfer map of the electrostatic spherical deflector, in (x, a) beamline coordinates, with reference orbit radius r 0 = 1 m, by integration of the ODEs of motion in polar laboratory coordinates using a 4th order RungeKutta integrator. This transfer map is listed in Sec. 4 .
To obtain a DA-valued transfer map, we set the initial phase space coordinates as
the respective DA generators [2, pp. 86-96] . We performed the calculations with the computation order 3.
A version of the COSY INFINITY program that uses a 4th order RungeKutta integrator to obtain the transfer map by solving the ODEs of motion in polar laboratory coordinates is listed in App. A. Additionally, App. B lists a Mathematica program that integrates the ODEs in polar laboratory coordinates for an individual orbit, plots one turn of the orbit, and outputs the final (x, a) coordinates.
The ODEs in an Electrostatic Cylindrical Deflector
The motion in an electrostatic cylindrical deflector is described in a similar way as in the case of a spherical deflector. Corresponding to eqns. 1 and 2, the potential energy in an electrostatic cylindrical deflector is
and the electric field is
5
The energy conservation equation 3 is replaced by
resulting in the following initial velocity v i , instead of the corresponding equations in 4 and 5.
Corresponding to the radial equation of motion in 8, we have in the electrostatic cylindrical deflector
resulting in, instead of eq. 10,
and arriving at a set of ODEs in terms of θ, corresponding to eq. 11, as
where v i expressed in eq. 15 is to be used. The other equations stay the same as in the electrostatic spherical deflector case.
In a similar way to the electrostatic spherical deflector case, a DA transfer map is calculated and is listed in Sec. 5. A COSY INFINITY program is listed in App. A.
Transfer Map Calculation Using Lagrange Coefficients in Laboratory Coordinates
Motion in a central field with a potential energy of the form U (r) = −α/r +const is described by conventional Kepler theory; in particular, by the equation of orbit where p is the focal parameter, e is the orbit eccentricity, and polar angle f is called the true anomaly [1, p. 117] . True anomaly f = 0 corresponds to the direction of the perihelion, that is, the point of the orbit nearest to the orbital focus at the origin of the polar coordinate system (r, f ). The particle position r is expressed as
in terms of polar coordinates (r, f ) and the basis vectors i e , i p of the heliocentric coordinate system, where i e is a unit vector in the direction of perihelion and unit vector i p is chosen so that i e × i p is co-directional with the vector of the angular velocity of the particle, as Fig. 1 illustrates. According to the second Newton law, zero radial acceleration at the reference orbit requires
Thus, the parameter µ = α/m can be expressed as
in terms of the reference velocity v 0 and the reference orbit radius r 0 . The focal parameter p can be expressed in terms of µ and the massless angular momentum h = | r × v| as
which is obtained in course of a standard derivation of the equation of orbit, eq. 19, as in [1, pp. 114-116] . We note that taking the time derivative of both sides of eq. 19 giveṡ
Considering eqns. 23 and 22 and conservation of massless angular momentum h =ḟ r 2 , taking the time derivative of the position vector r in eq. 20 yields for the particle velocity
Rewriting eqns. 20 and 24 in matrix form, we have
We note that the determinant of the matrix A is, considering eq. 22,
Let f i be the initial true anomaly of a particle in the spherical electrostatic deflector. Then, from the equation of orbit in eq. 19,
where r i is the initial radius. Taking the scalar product of initial position r i and initial velocity v i , we obtain from eq. 25 that
Hence,
where σ 0 is defined as [1, p. 130] 
Let θ = f f − f i be the true anomaly difference between the final and initial positions. Applying eqns. 27 and 28 to the equation of orbit in eq. 19 yields the final radius
Solving eq. 25 for the basis vectors i e , i p of the heliocentric coordinate system in terms of the initial position r i , velocity v i , and true anomaly f i , considering that det A = h according to eq. 26, we have
An analytic expression of the final position r f and velocity v f in terms of the initial position r i and velocity v i is obtained by inserting eq. 30 in eq. 25, which gives
The matrix on the left is usually referred to as the transition matrix. Note that this is not the same as the so-called transfer matrix of beam physics, because the transition matrix contains all nonlinear effects by virtue of its elements on orbit parameters. Specifically, we obtain for the transition matrix elements: the transition matrix element F is
the transition matrix element F t is
and the transition matrix element G t is
Thus, we obtained a transition matrix
that expresses the final coordinates ( r f , v f ) as a function of the initial coordinates
and comprises elements [1, pp. 128-131 ]
The elements F , F t , G, and G t of the transition matrix Φ are called Lagrange coefficients. The Lagrange coefficients F t and G t are simply time derivatives of F and G, respectively. Applying the transfer matrix from eq. 32 to the initial position v i and velocity p i from eqns. 6 and 7, we obtain the final position r f and velocity v f .
The final (x, a) coordinates are obtained from the final position
and velocity v f as
We calculated the DA transfer map of the electrostatic spherical deflector, in (x, a) beamline coordinates, with reference orbit radius r 0 = 1 m, using the transition matrix with elements as the Lagrange coefficients in terms of the true anomaly difference. This transfer map is listed in Sec. 4.
The transfer map only depends on reference orbit radius r 0 and the central angle of the tracked sector of the electrostatic spherical deflector. As long as the reference orbit radius r 0 is kept the same by adjusting the charge of the inner sphere of the deflector, the transfer map does not depend on the charged particle's kinetic energy, mass, or charge. Indeed, considering eqns. 22, 9, 6, and 21, the focal parameter p is
and the eccentricity e is [1, p. 116] such that, considering eqns. 6, 4, and 21,
Thus, the focal parameter p and the eccentricity e depend only on reference orbit radius r 0 and initial beamline coordinates (x i , a i ).
the respective DA generators [2, pp. 86-96] . We performed the calculations with the computation order 3. A COSY INFINITY program to obtain the transfer map is listed in App. C.
Transfer Maps of an Electrostatic Spherical Deflector and Comparison
Here, we list and compare the DA transfer maps for particles passing through a 45
• sector of the electrostatic spherical deflector, calculated
1. by integration of the ODEs of motion in polar laboratory coordinates (eq. 11) using a 4th order Runge-Kutta integrator;
2. using the transition matrix with elements as the Lagrange coefficients in terms of the true anomaly difference;
3. for COSY INFINITY 's built-in electrostatic spherical deflector element ESP; and 4. using the code sequence E S in the program GIOS.
In all cases, the reference orbit radius is r 0 = 1 m, and non-relativistic equations of motion were used. For definiteness, the particles in the bunch were set to kinetic energy 1 MeV, mass 1 amu, and charge 1 e; however, as noted above, this setting has no impact on the orbit geometry as long as the reference orbit radius is kept the same by adjusting the voltages of the inner and outer spherical shells of the electrostatic spherical deflector. For visual transfer map comparison purposes, the computation order 3 was used in all cases, except for GIOS, where the computation order 2 was used. The Jacobian M = Jac (M) of the transfer map M of any Hamiltonian system satisfies the symplecticity condition M ·Ĵ · M T =Ĵ [2, pp. 155-159] , where the phase space coordinates are ordered as z = (q 1 , . . . , q m , p 1 , . . . , p m ) , (q 1 , . . . , q m ) are the canonical position coordinates and (p 1 , . . . , p m ) are the conjugate momentum coordinates,
I m is an m × m identity matrix, and m is the phase space dimension. For each transfer map calculation case, we computed deviations from the conditions of symplecticity [2, pp. 155-159] [6] for the first and second order aberration coefficients and motion in the x-a plane. These conditions of symplecticity are as follows:
where the aberration coefficient (z i |z j1 · · · z jn ) is the partial derivative
of the i-th component of the respective transfer map M applied to a coordinate vector z = (z 1 · · · z 2m ), and 2m is the number of phase space coordinates.
Transfer Map Obtained by Integrating the ODEs in Laboratory Coordinates
The transfer map from integration of the ODEs of motion in polar laboratory coordinates using a 4th order Runge-Kutta integrator is as follows.
TRANSFER MAP OBTAINED IN LAB COORDINATES BY INTEGRATION OF THE ODEs OF MOTION
0 . 9 9 9 9 9 9 9 9 9 9 9 9 9 9 3 2 2 1 1 0 5 0 . 2 0 7 1 0 6 7 8 1 1 8 6 5 1 1 −11 are omitted. The deviations g 1 , g 2 , and g 3 from the conditions of symplecticity listed in eq. 33 in this case were as follows:
The 4th order Runge-Kutta integrator code for calculation of this transfer map is listed in App. A.
Transfer Map Obtained Using Lagrange Coefficients in Laboratory Coordinates
The transfer map obtained in laboratory coordinates using the Lagrange coefficients transition matrix is as follows. 0 7 1 0 6 7 8 1 1 8 6 5 4 7 5 2 0 2 0 6 −.3535533905932737 3 3 0 0 7 0 . 6 0 6 6 0 1 7 1 7 7 9 8 2 1 2 2E−01 3 1 2 0 8 0 . 2 9 2 8 9 3 2 1 8 8 1 3 4 5 2 The deviations g 1 , g 2 , and g 3 from the conditions of symplecticity listed in eq. 33 were as follows:
TRANSFER MAP OBTAINED IN LAB COORDINATES USING LAGRANGE COEFFICIENTS
The COSY INFINITY code for calculation of this transfer map of the ESP element is listed in App. D. We note that for simplicity, essentially the same result can be obtained using the relativistic equations of motion that are by default used in COSY INFINITY by simply using a very low kinetic energy for the calculation. For example, the transfer map computed using the relativistic equations with the kinetic energy 10 −7 agrees with the above listed transfer map to about 10 −10 . In this case, the values of the deviations g 1 , g 2 , and g 3 are ∼ 10 −15 .
Transfer Map Computed Using the Electrostatic Spherical Deflector Element in the Program GIOS
The 2nd order transfer map of the electrostatic spherical deflector computed using the code sequence E S in the program GIOS is as follows. The deviations g 1 , g 2 , and g 3 from the conditions of symplecticity listed in eq. 33 were as follows:
TRANSFER MAP COMPUTED USING THE PROGRAM GIOS
We note that the deviations g 2 and g 3 are significant in magnitude and indicate error(s) in the program GIOS.
The GIOS input for calculation of this transfer map is listed in App. E. We also note that these differences are not due to the fact that GIOS uses momentum-like coordinates that differ from those of COSY INFINITY. The respective effects manifest themselves only in order three in x and a terms, which we are not comparing here.
Transfer Maps of an Electrostatic Cylindrical Deflector and Comparison
In this section, we list and compare the DA transfer maps for particles passing through a 45
• sector of the electrostatic cylindrical deflector, calculated
1. by integration of the ODEs of motion in polar laboratory coordinates (eq. 18) using a 4th order Runge-Kutta integrator;
2. for COSY INFINITY 's built-in electrostatic spherical deflector element ECL; and 3. using the code sequence E S in the program GIOS.
In all cases, the reference orbit radius is r 0 = 1 m, and non-relativistic equations of motion were used. For definiteness, the particles in the bunch were set to kinetic energy 1 MeV, mass 1 amu, and charge 1 e; however, as noted above, this setting has no impact on the orbit geometry as long as the reference orbit radius is kept the same by adjusting the voltages of the inner and outer cylindrical shells of the electrostatic cylindrical deflector. For visual transfer map comparison purposes, the computation order 3 was used in all cases, except for GIOS, where the computation order 2 was used.
Transfer Map Obtained by Integrating the ODEs in Laboratory Coordinates
TRANSFER MAP OBTAINED IN LAB COORDINATES BY INTEGRATION OF THE ODEs OF MOTION
X_f I COEFFICIENT ORDER EXPONENTS 1 0 . 4 4 4 0 1 5 8 4 0 3 2 6 2 9 5 5 1 1 0 0 2 0 . 6 3 3 5 8 1 0 6 5 6 6 5 3 7 4 2 1 0 1 0 3 −1.029322282408186 2 2 0 0 4 0 . 4 4 5 2 1 9 7 1 3 1 1 2 6 9 4 2 2 1 1 0 5 0 . 9 7 6 7 3 0 2 1 4 4 8 7 8 5 1 7 2 6 8 3 7 6 5 0 7 6 1 9 4 4 4 0 1 5 8 4 0 3 2 6 1 7 9 The deviations g 1 , g 2 , and g 3 from the conditions of symplecticity listed in eq. 33 in this case were as follows:
Transfer Map of COSY INFINITY 's Built-In Electrostatic Cylindrical Deflector Element ECL
The transfer map of COSY INFINITY 's built-in electrostatic spherical deflector element ECL, obtained using non-relativistic equations of motion, is as follows.
TRANSFER MAP OF COSY INFINITY ' S ESP ELEMENT
X_f I COEFFICIENT ORDER EXPONENTS 1 0 . 4 4 4 0 1 5 8 4 0 3 2 6 2 1 3 3 1 1 0 0 2 0 . 6 3 3 5 8 1 0 6 5 6 6 5 3 9 9 7 1 0 1 0 3 −1.029322282408272 2 2 0 0 4 0 . 4 4 5 2 1 9 7 1 3 1 1 2 6 6 7 1 2 1 1 0 5 0 . 9 7 6 7 3 0 2 1 4 4 8 7 9 6 1 7 2 6 8 3 7 6 5 0 7 6 1 8 The deviations g 1 , g 2 , and g 3 from the conditions of symplecticity listed in eq. 33 were as follows:
The COSY INFINITY code for calculation of this transfer map of the ECL element is listed in App. D. We note that for simplicity, essentially the same result can be obtained using the relativistic equations of motion that are by default used in COSY INFINITY by simply using a very low kinetic energy for the calculation. For example, the transfer map computed using the relativistic equations with the kinetic energy 10 −7 agrees with the above listed transfer map to about 10 −10 . In this case, the values of the deviations g 1 , g 2 , and g 3 are ∼ 10 −15 .
Transfer Map Computed Using the Electrostatic Cylindrical Deflector Element in the Program GIOS
The 2nd order transfer map of the electrostatic cylindrical deflector computed using the code sequence E S in the program GIOS is as follows.
TRANSFER MAP COMPUTED USING THE PROGRAM GIOS
X_f I COEFFICIENT ORDER EXPONENTS 1 0 . 4 4 4 0 1 5 8 5 7 The deviations g 1 , g 2 , and g 3 from the conditions of symplecticity listed in eq. 33 were as follows:
Calculation Results, Comparison, and Conclusion
The electrostatic spherical deflector transfer maps calculated in laboratory coordinates by integration of the ODEs and using the Lagrange coefficients transition matrix are in very high agreement with the transfer map of COSY INFINITY 's built-in electrostatic spherical deflector element ESP. The deviations from the conditions of symplecticity g 1 , g 2 , and g 3 were the highest at ∼ 10
in case of integration of the ODEs in polar laboratory coordinates, the lowest at ∼ 10 −16 in case of calculation using the Lagrange coefficients, and at ∼ 10 −16 in case of the built-in element ESP.
The transfer map of the electrostatic spherical deflector computed using the program GIOS significantly disagrees with the other three transfer maps. However, the deviations g 2 and g 3 in the GIOS case were also significant in magnitude and indicate that the disagreement is due to error(s) in GIOS.
We arrive at an equivalent conclusion for the electrostatic cylindrical deflector transfer maps. The transfer map obtained by integrating the ODEs in laboratory coordinates agrees well with those obtained by COSY INFINITY 's built-in electrostatic cylindrical deflector element ECL, both satisfying the symplectic conditions. On the other hand, the transfer map obtained using GIOS significantly disagrees with the other two transfer maps, and also the symplectic condition was significantly deviated.
A COSY INFINITY Code for Transfer Map Calculation Using ODEs in Laboratory Coordinates
The following is a COSY INFINITY code that calculates the transfer map of a 45
• sector of the electrostatic spherical deflector in (x, a) beamline coordinates by integrating the ODEs of motion in polar laboratory coordinates. This version of the code uses a 4th order Runge-Kutta integrator with fixed step size. The inner sphere of the electrostatic spherical deflector is charged to result in a circular reference orbit of radius r 0 = 1 m. The DA computation order 3 is used. { This p r o c e d u r e c a l c u l a t e s t h e t r a n s f e r map o f t h e e l e c t r o s t a t i c s p h e r i c a l d e f l e c t o r i n ( x , a ) c o o r d i n a t e s by i n t e g r a t i n g t h e ODEs o f motion i n l a b o r a t o r y c o o r d i n a t e s u s i n g a Runge−Kutta i n t e g r a t o r . I n p u t p a r a m e t e r s : R00 Radius o f t h e c i r c u l a r r e f e r e n c e o r b i t PHI C e n t r a l a n g l e o f t r a c k e To integrate the ODEs of motion in polar laboratory coordinates to calculate the transfer map of a 45
• sector of the electrostatic cylindrical deflector in (x, a) , the code has to be adjusted according to the changes in equations as described in Sub-Sec. 2.2. The change in eq. 18 is to be reflected in the F(2) line in PROCEDURE FNC as listed below. The change in v i in eq. 15 is to be reflected in the V1 line in PROCEDURE KEPLERODEPOLAR as listed below. The rest of the code can stay the same. The following is a COSY INFINITY code that calculates the transfer map of a 45
• sector of the electrostatic spherical deflector in (x, a) beamline coordinates using Lagrange coefficients in polar laboratory coordinates as described in Sec. 3. The DA computation order 3 is used. To compute the transfer map of a 45
• sector of the electrostatic cylindrical deflector, the ESP call line above is to be replaced by a ECL call. 
E GIOS Input for Transfer Map Calculation of the Electrostatic Deflector Elements
The following is a GIOS input to compute the transfer map of a 45
• sector of the electrostatic spherical deflector. The computation order 2 is used. We note that the SC command is not essential for our purpose to compare with the transfer maps computed by COSY INFINITY.
R P 1 1 1 ; R e f e r e n c e P a r t i c l e C O 2 2 ; C a l c u l a t i o n Order S C ; S y m p l e c t i c C o o r d i n a t e system f o r map p r i n t o u t ; E S 1 45 0 . 0 1 1 −1 1 ; E l e c t r o s t a t i c S e c t o r , s p h e r i c a l ; END ; END ;
To compute the transfer map of a 45
• sector of the electrostatic cylindrical deflector, the description of the ES command is modified, and a GIOS input is as follows. We note again that the SC command is not essential for our purpose.
R P 1 1 1 ; R e f e r e n c e P a r t i c l e C O 2 2 ; C a l c u l a t i o n Order S C ; S y m p l e c t i c C o o r d i n a t e system f o r map p r i n t o u t ; E S 1 45 0 . 0 1 0 0 0 ; E l e c t r o s t a t i c S e c t o r , c y l i n d r i c a l ; END ; END ;
